Let X be a smooth variety over an algebraically closed field k of characteristic p, and F : X → X the Frobenius morphism. We prove that if X is an incidence variety (a partial flag variety in type An) or a smooth quadric (in this case p is supposed to be odd) then H i (X, E nd(F * OX )) = 0 for i > 0. Using this vanishing result and the derived localization theorem for crystalline differential operators [5] we show that the bundle F * OX is a tilting bundle on the above varieties provided that p > h, the Coxeter number of the corresponding group.
Introduction
Let X be a smooth variety over an algebraically closed field k, and D X the sheaf of differential operators [9] . Recall that the sheaf D X is equipped with a filtration by degree of an operator such that the associated graded sheaf is isomorphic to (S i Ω 1 X ) * . Our goal is to study the cohomology vanishing of sheaves of differential operators in positive characteristic. We are primarily interested in the case when X is a homogeneous space of a semisimple algebraic group G over k, i.e. X = G/P for some parabolic subgroup P ⊂ G. Below we survey some vanishing and non-vanishing results for sheaves of differential operators. If X is a smooth variety over a field k of characteristic zero then there is an isomorphism (S i Ω 1 X ) * = S i T X for i ≥ 0, and it is known that symmetric powers of the tangent bundle of a homogeneous space G/P have vanishing higher cohomology groups [7] . In particular, this implies the vanishing of higher cohomology of the sheaf D G/P . This vanishing is also a consequence of the Beilinson-Bernstein localization theorem [4] . If the field k is of characteristic p > 0 then the situation is more difficult. A crucial tool to prove the vanishing theorem for symmetric powers of the tangent bundle of G/P in characteristic zero is the Grauert-Riemenschneider theorem, which does not hold in characteristic p in general. The characteristic p counterpart of the cohomology vanishing of symmetric powers of the tangent bundle of G/P is inaccessible at the moment, though it is believed to be true (e.g., [8] ). There are cases, however, when such a theorem is known -for example, for flag varieties G/B in good characteristic [18] . These results, however, do not give any information about cohomology groups of the sheaf D G/P , since for a variety X in positive characteristic the sheaves of graded rings (S i Ω 1 X ) * and S i T X are no longer isomorphic. The latter sheaf is isomorphic to the associated graded ring of the sheaf of crystalline differential operators D X [5] , and the vanishing theorem in the case of flag varieties gives that H i (G/B, D G/B ) = 0 for i > 0 and good p. On the other hand, some non-vanishing results are known for both the sheaves D G/B and (S i Ω 1 G/B ) * . It follows from [17] that for the flag variety SL 5 /B the former sheaf has a non-vanishing higher cohomology group. Moreover, the This work was supported in part by the CNRS and the RFBR grant 07-01-00051.
latter sheaf has always a non-vanishing cohomology group unless G/B is isomorphic to P 1 ([10], [20] ).
From now on let k be an algebraically closed field of characteristic p > 0. Recall that for a variety X over k the sheaf of differential operators D X is a union of sheaves of matrix algebras [10] , that is
The main results of this paper are: Theorem 1.1. Let X be a partial flag variety of type (1, n, n + 1) of the group SL n . In other words, X = {(l ⊂ H ⊂ V )}, where l and H are a line and a hyperplane in a vector space V of dimension n + 1, respectively. Then
For a variety X the sheaf End O p X (O X ) is also called a "sheaf of small differential operators" (as it is isomorphic to the central reduction of the sheaf D X ), which explains the title of the paper. Let us say a few words about the proof. It relies on properties of sheaves of crystalline differential operators [5] and on vanishing theorems for cotangent bundles of G/P. In a recent paper [19] A. Langer, by using different methods, described the decomposition of Frobenius push-forwards F m * O Qn into a direct sum of indecomposable bundles that allows to compute the cohomology groups of sheaves End O p m Qn (O Qn ) for m > 1.
We would like to end up the introductory part with a conjecture. There are a number of previously known results (see the list below), to which the present paper gives an additional evidence, that suggest that one could hope for the vanishing of higher cohomology of the sheaves of small differential operators on homogeneous spaces G/P. Conjecture: Let G/P be a homogeneous space of a semisimple simply connected algebraic group over k. Then for sufficiently large p one has H i (G/P, End O p G/P (O G/P )) = 0 for i > 0. Surprisingly enough, this vanishing statement is known in very few cases, namely for projective spaces, the flag variety SL 3 /B by [10] , the flag variety in type B 2 by [3] , and, independently of our paper, for quadrics by [19] . To the best of our knowledge, no counterexample exists either. Finally, let us remark that the cited above counterexample to the D-affinity from [17] does not rule out the possibility of such a vanishing. If this vanishing holds then the bundle F * O G/P gives a tilting bundle on G/P for p > h, the Coxeter number of G ( [13] , [16] , [23] ).
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Preliminaries
2.1. The Frobenius morphism. Throughout we fix an algebraically closed field k of characteristic p > 0. Let X be a scheme over k. The absolute Frobenius morphism F X is an endomorphism of X that acts identically on the topological space of X and raises functions on X to the p-th power:
Denote X ′ the scheme obtained by base change from X along the Frobenius morphism F : Spec(k) → Spec(k). Then the relative Frobenius morphism F : X → X ′ is a morphism of k-schemes. The schemes X and X ′ are isomorphic as abstract schemes.
Koszul resolutions.
Let V be a finite dimensional vector space over k with a basis {e 1 , . . . , e n }. Recall that the r-th exterior power ∧ r V of V is defined to be the r-th tensor power V ⊗r of divided by the submodule generated by the elements:
for all the permutations σ ∈ Σ r and u 1 , . . . , u r ∈ V . Similarly, the r-th symmetric power S r V of V is defined to be the r-th tensor power V ⊗r of V divided by the submodule generated by the elements
for all the permutations σ ∈ Σ r and u 1 , . . . , u r ∈ V.
Let
be a short exact sequence of vector spaces. For any n > 0 there is a functorial exact sequence (the Koszul resolution, ( [14] , II.12.12))
Another fact about symmetric and exterior powers is the following ([12], Exercise 5.16). For a short exact sequence as (2.2) one has for each n the filtrations
When either V ′ or V ′′ is a one-dimensional vector space, these filtrations on exterior powers of V degenerate into short exact sequences. If V ′′ is one-dimensional then one obtains:
Similarly, if V ′ is one-dimensional, the filtration above degenerates to give a short exact sequence:
There is a general characteristic-free definition of the Schur complexes [1] , of which the Koszul resolution (2.3) is a particular example. One should be careful when dealing with these complexes in positive characteristic as divided and symmetric powers of a module differ in this case. In particular, Lemma 2.1. from [15] , which the cited paper relies on, holds for divided powers, and not for symmetric powers as it was stated in loc.cit.
Differential operators
The material here is taken from [9] and [10] . Let X be a smooth scheme over k. Consider the product X × X and the diagonal ∆ ⊂ X × X. Let J ∆ be the sheaf of ideals of ∆.
is called a differential operator if there exists some integer n ≥ 0 such that
One obtains a sheaf D X , the sheaf of differential operators on X. Denote J (n) ∆ the sheaf of ideals generated by elements a n , where a ∈ J ∆ . There is a filtration on the sheaf D X given by
. Since k has characteristic p, one checks:
Indeed, the sheaf J ∆ is generated by elements a ⊗ 1 − 1 ⊗ a, where a ∈ J ∆ , hence the sheaf J (p n ) ∆ is generated by elements a p n ⊗ 1 − 1 ⊗ a p n . This implies (3.3). One also checks that this filtration exhausts the whole D X , so we can write [10] :
One can rewrite the isomorphism (3.3), using the Frobenius morphism:
Thus,
3.1. Crystalline differential operators. The material of this subsection is taken from [5] . We recall, following loc.cit. the basic properties of crystalline differential operators (differential operators without divided powers, or PD-differential operators in the terminology of Berthelot and Ogus).
Let X be a smooth variety, T * X the cotangent bundle, and T * (X) the total space of T * X .
Definition 3.2. The sheaf D X of crystalline differential operators on X is defined as the enveloping algebra of the tangent Lie algebroid, i.e., for an affine open U ⊂ X the algebra D(U ) contains the subalgebra O of functions, has an O-submodule identified with the Lie algebra of vector fields V ect(U ) on U , and these subspaces generate D(U ) subject to relations
Let us list the basic properties of the sheaf D X [5]:
• The sheaf of non-commutative algebras F * D X has a center, which is isomorphic to O T * (X ′ ) , the sheaf of functions on the cotangent bundle to the Frobenius twist of X. The sheaf F * D X is finite over its center. • This makes F * D X into a coherent sheaf on T * (X ′ ). Thus, there exists a sheaf of algebras D X on T * (X ′ ) such that π * D X = F * D X (by abuse of notation we denote the projection T * (X ′ ) → X ′ by the same letter π). The sheaf D X is an Azumaya algebra over T * (X ′ ) of rank p 2dim(X) . • There is a filtration on the sheaf F * D X such that the associated graded ring gr(
• Let i : X ′ ֒→ T * (X ′ ) be the zero section embedding. Then i * D X splits as an Azumaya algebra, the splitting bundle being F * O X . In other words, i * D X = End(F * O X ).
Vanishing theorems for line bundles
Of crucial importance for us are the vanishing theorem for cotangent bundles of homogeneous spaces. Let us first introduce the notation. Let G be a connected, simply connected, semisimple algebraic group over k, B a Borel subgroup of G, and T a maximal torus. Let R(T, G) be the root system of G with respect to T, R + the subset of positive roots, S ⊂ R + the simple roots, and h the Coxeter number of G. By ·, · we denote the natural pairing X(T) × Y (T) → Z, where X(T) is the group of characters (also identified with the weight lattice) and Y (T) the group of one parameter subgroups of T (also identified with the coroot lattice). For a subset I ⊂ S let P = P I denote the associated parabolic subgroup. Recall that the group of characters X(P) of P can be identified with {λ ∈ X(T)| λ, α ∨ = 0, for all α ∈ I}. In particular,
Recall that the prime p is a good prime for G if p is coprime to all the coefficients of the highest root of G written in terms of the simple roots. For simple G, p is a good prime if p ≥ 2 for type A and p ≥ 3 for type B. Here L λ denotes a line bundle that corresponds to the weight λ. In particular, one has:
It was proved in [21] that nilpotent orbits in type A n are normal and have rational singularities. This implies (Propositions 4.6 and 4.9 of loc.cit.): Let G be of the type B n or D n , and P α the maximal parabolic subgroup corresponding to the left end root α in the Dynkin diagram of G. The variety G/P α is isomorphic to an odd-dimensional or even-dimensional quadric, respectively. We will need a similar vanishing result as in (2)) = Ker(V * ⊗ V * → S 2 V * / q ) (the last isomorphism comes from the Euler exact sequence on P(V ) restricted to Q n ). Here q ∈ S 2 V * is the quadratic form that defines the quadric Q n (since p is odd, we can identify quadratic and bilinear forms via polarization) and the map T P(V ) ⊗O Qn (−1) → O Qn (1) corresponds to q. The kernel of this map, which is isomorphic to T Qn (−1), is also equipped with a symmetric form that makes the bundle T Qn (−1) into a orthogonal bundle whose determinant is trivial. We then obtain an isomorphism of vector bundles T Qn (−1) and Ω 1 Qn (1) (in fact, the fiber of T Qn (−1) over a point on Q n is isomorphic to l ⊥ /l, where l is the line corresponding to this point and l ⊥ is the orthogonal complement to l with respect to q). Therefore, T Qn = Ω 1 Qn (2). Dualizing the short exact sequence (4.5) and tensoring it then with O Qn (2) we get:
The Koszul resolution (Section 2.2) in this case looks as follows:
Consider the projective bundle P(T P(V ) (−1)) over P(V ). It is isomorphic to the variety of partial flags Fl 1,2,n+1 . Let π and q be the projections of Fl 1,2,n+1 onto P(V ) and Gr 2,n+1 , respectively. Note
is the relatively ample invertible sheaf on P(T P(V ) (−1)). Hence, by the projection formula,
On the other hand, H i (P(V ), π * (O π (k) ⊗ π * O(k)) = H i (P(T P(V ) (−1)), q * O(k)), since the higher direct images of π vanish. Using the Kempf theorem we get H i (P(T P(V ) (−1)), q * O(k)) = 0 for i > 0, the line bundle q * O(k) being effective. Now tensor the short exact sequence (2)). As we saw above, the cohomology groups of the first two terms are isomorphic to the cohomology groups of line bundles q * O(k) ⊗ π * O(−2) and q * O(k) on P(T P(V ) (−1)). We saw above that the latter bundle does not have higher cohomology by the Kempf theorem. As for the former, let us take the pushforward of it onto Gr 2,n+1 , that is apply the functor q * . It is easy to see (for example, using the Koszul resolution of the structural sheaf of Fl 1,2,n+1 inside the prod-
. Therefore, the only non-zero cohomology
Therefore H i (Q n , S k (Ω 1 P(V ) ⊗ O Qn (2)) = 0 for i > 0, and the statement follows.
Cohomology of the Frobenius neighborhoods
Let X be a smooth variety over k. To compute the cohomology groups H i (X ′ , End(F * O X )) we will use the properties of sheaves D X from the Section 3.1. Keeping the previous notations, we get:
the last isomorphism in (5.1) follows from the projection formula. Denote π : T * (X ′ ) → X ′ the projection. Consider the bundle π * T * X ′ . There is a tautological section s of this bundle such that the zero locus of s coincides with X ′ . Hence, one obtains the Koszul resolution:
Tensor the resolution (5.2) with the sheaf D X . The rightmost cohomology group in (5.1) can be computed via the above Koszul resolution. The following lemma, which reduces cohomology of a filtered complex to those of its associated graded one, is standard:
For j ≥ 0 one has:
H j (T * (X), F * ∧ k (π * T X ′ )) = 0 ⇒ H j (T * (X ′ ), D X ⊗ ∧ k (π * T X ′ )) = 0.
Proof. Denote C k the sheaf D X ⊗ ∧ k (π * T X ′ ). Take the direct image of C k with respect to π:
the morphism π being affine. The sheaf R • π * C k = F * D X ⊗ ∧ k (T X ′ ) comes equipped with a filtration, the associated complex being isomorphic to gr(F * D X )⊗∧ k (T X ′ ) = F * π * O T * (X) ⊗∧ k (T X ′ ). Clearly, for i ≥ 0
There are isomorphisms:
The last group is isomorphic to H i (T * X , F * ∧ k (π * T X ′ )), hence the statement of the lemma.
Remark 5.1. The complexC k : = F * π * ∧ k (T X ′ ) is quasiisomorphic to F * i * O X ′ , the structural sheaf of the Frobenius neighborhood of the zero section. Below we show that if X is either a smooth quadric or an incidence variety then
for j > 0.
Quadrics
For any X denote π : T * (X) → X the projection.
Theorem 6.1. Let Q n be a smooth quadric. Assume that p is odd.
Proof. Let V be a vector space of dimension n + 2. A smooth quadric Q n ⊂ P(V ) is a homogeneous space, and a hypersurface of degree two in P(V ). Consider the adjunction sequence
and the Euler sequence on P(V ) restricted to Q n :
Show first that H i (Q n ′ , F * π * O T * (Qn) ) = 0 for i > 0. Indeed, Lemma 4.1 gives:
The sequence (6.1) gives rise to a short exact sequence (see Section 2):
Let us show that H i (Q n ′ , ∧ r (T Qn ′ )⊗ F * π * O T * (Qn) ) = 0 for i > r. We argue by induction on r, the base of induction being r = 1. Tensoring the sequence (6.1) (on Q n ′ ) with F * S • T Qn , one obtains:
By Theorem 4.1, one has for i > 0:
Tensoring sequence (6.2) (on Q n ′ ) with F * S • T Qn , we get:
We see that H i (Q ′ n , V ⊗ O Qn ′ (1) ⊗ F * S • T Qn ) = 0 for i > 0, the bundle O Qn (1) being ample. By above we have that H i (Q n , S • T Qn ) = 0 for i > 0. Hence,
F * π * O T * (Qn) ) = 0 for i > r + 1. Tensoring sequence (7.6) (on Q n ′ ) with F * S • T Qn , we get:
By the inductive assumption we can also assume that
The long exact sequence associated to sequence (6.8) will imply H i (Q n ′ , ∧ r+1 (T Qn ′ ) ⊗ F * π * O T * (Qn) ) = 0 for i > r + 1. From sequence (6.2) one obtains the short exact sequence:
Gluing together these short exact sequences for j = 1, . . . r + 1, one obtains the long exact sequence:
Tensoring the above sequence (on Q n ′ ) with F * S • T Qn , we conclude that
Thus, for i > r one has:
Lemma 5.1 implies:
Remembering the Koszul resolution, we get:
Remark 6.1. The vanishing of higher cohomology of D 1 for quadrics of dimension n ≤ 4 and for all p was established earlier, by a different method, in [22] .
Incidence varieties
Let V be a vector space over k of dimension n + 1, and X the flag variety F 1,n,n+1 , a smooth divisor in P(V ) × P(V * ) of bidegree (1, 1).
Proof. The proof is similar to that of Theorem 6.1. Consider the line bundle O P(V ) (1) ⊠ O P(V * ) (1) over P(V ) × P(V * ). Then X is isomorphic to the zero locus of a section of O P(V ) (1) ⊠ O P(V * ) (1). Consider the adjunction sequence:
Note that T P(V )×P(V * ) = T P(V ) ⊞ T P(V * ) . One has the Euler sequences:
Hence the short exact sequence:
By Theorem 4.2 one has:
for i > 0. Similarly, the sequence (7.1) gives rise to a short exact sequence:
Let us show that H i (X ′ , ∧ r T X ′ ⊗ F * π * O T * (X) ) = 0 for i > r. We argue by induction on r, the base of induction being r = 1. Tensoring the sequence (7.1) (on X ′ ) with F * S • T X , we get:
On the other hand, tensoring sequence (7.9) (considered first on P(V ) × P(V * ) ′ , and then restricted to X ′ ) with F * S • T X , one obtains:
The leftmost term in the above sequence has vanishing higher cohomology by (7.5). The middle term is the bundle F * S • T X tensored with a semiample sheaf on X. Let L be a semiample line bundle on X (i.e. the sheaf isomorphic to either O X (k) ⊠ O X or O X ⊠ O X (k)). For any l ≥ 1 there is a filtration on S l (T P(V )×P(V * ) ⊗ O X ), the graded factors of this filtration being isomorphic to S i (T X ) ⊗ (O X (l − i) ⊠ O X (l − i)). Tensoring S l (T P(V )×P(V * ) ⊗ O X ) with L, the graded factors S i T X ⊗(O X (l−i)⊠O X (l−i)) get twisted by L. For i < l the higher cohomology of the corresponding graded factor vanish by Theorem 4.1. On the other hand, the higher cohomology of S l (T P(V )×P(V * ) ⊗ O X )⊗L are easily seen to vanish (use the Koszul resolutions associated to the Euler sequences (7.2) and (7.3), and the Kempf theorem [11] . One obtains that H i (X, S • T X ⊗ L) = 0 for i > 1. Hence, the cohomology of the middle term in (7.9) vanish for i > 1, and H i (X ′ , T P(V )×P(V * ) ′ ⊗ F * S • T X ) = 0 for i > 1. Coming back to sequence (7.7), we get H i (X ′ , T X ′ ⊗F * S • T X ) = 0 for i > 1. The inductive step is completely analogous to that in the proof of Theorem 6.1 (one uses sequence (7.9) to ensure that H i (X ′ , ∧ r+1 T P(V )×P(V * ) ′ ⊗ O X ′ ⊗ F * S • T X ) = 0 for i > r + 1). This allows to complete the induction argument.
